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1. Beurling spectrum of X−valued functions and differ-
ential operator
In this paper, S denotes the set of Schwartz functions and φ, ϕ, ψ denote
Schwartz functions. Let
ϕˆ (s) = F (ϕ, s) =
∞∫
−∞
e−istϕ (t) dt
denote the Fourier transform of ϕ. Then ϕˆ = F (ϕ) is also a Schwartz function
and we have the inversion formula
ϕ (s) = F−1 (ϕˆ, s) =
1
2π
∞∫
−∞
eistϕˆ (t) dt.
Let (X, ‖·‖
X
) denote a complex Banach space and let BC (R→ X) denote
the set of all X-valued bounded continuous functions u : R → X. For a
given function u ∈ BC (R→ X) , let ‖u‖∞ = sup {‖u (t)‖X : t ∈ R} . Then
(BC (R→ X) , ‖·‖∞) itself is a Banach space. We define the derivative Du =
u˙ of u ∈ BC (R→ X) , as usual,
Du (s) = u˙ (s) = lim
δ→0
u (s+ δ)− u (s)
δ
(if exists).
The differential operator is linear but unbounded on (BC (R→ X) , ‖·‖∞).
But note that for every λ ∈ C\iR the operator λ − D is invertible. More
exactly,
(λ−D)−1u (ξ) =


∞∫
0
e−λtu (ξ + t) dt if Re (λ) > 0
−
∞∫
0
eλtu (ξ − t) dt if Re (λ) < 0.
Hence, the spectrum of the differential operator is iR, and in notation,
Spec(D) = iR. Clearly, the inverse of λ−D is bounded operator on (BC (R→ X) , ‖·‖∞) .
Moreover,
∞∫
−∞
ϕ (t) (λ−D)−nu (t) dt =
∞∫
−∞
[
(λ−D)−nϕ (t)
]
u (t) dt
2
for any u ∈ BC (R→ X) . The convolution ϕ∗u of u with a Schwartz function
is defined by letting
ϕ ∗ u (s) =
∞∫
−∞
ϕ (s− t) u (t) dt.
Clearly, ϕ ∗ u ∈ BC (R→ X) . The Fourier transform of the convolution
of two functions ϕ and ψ ∈ L1 (R) is F (ϕ ∗ ψ) = ϕˆψˆ and consequently,
ϕ ∗ ψ = F−1
(
ϕˆψˆ
)
and F−1 (ϕψ) = F−1 (ϕ) ∗ F−1 (ψ) . Also F (ϕψ) =
(2π)−1F (ϕ) ∗ F (ψ) and ‖ϕ ∗ ψ‖∞ ≤ ‖ϕ‖1‖ψ‖∞. Moreover,
∥∥(λ−D)−1ϕ∥∥
1
≤ ‖ϕ‖1
∞∫
0
e−t|Reλ|dt =
‖ϕ‖1
|Reλ|
and by complete induction according to n we have
∥∥(λ−D)−nϕ∥∥
1
≤
‖ϕ‖1
|Reλ|n
.
Excellent method in [4] will show that
lim
n→∞
∥∥(λ−D)−nϕ∥∥1/n
1
= sup
{
|λ− iξ|−1 : ξ ∈ supp (ϕˆ)
}
.
It is also proved in [3] that
lim
n→∞
‖(λ−D)nϕ‖1/n1 = sup {|λ− iξ| : ξ ∈ supp (ϕˆ)} .
The Beurling spectrum Spec(u) of a function u ∈ BC (R→ X) is defined
by
Spec (u) =
{
ξ ∈ R : ∀ε > 0, ∃ϕ ∈ S : suppϕˆ ⊂ (ξ − ε, ξ + ε) , ϕ ∗ u 6= 0
}
.
The Beurling spectral radius ρ (u) of u is defined by
ρ (u) = sup
{
|ξ| : ξ ∈ Spec (u)
}
.
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For example, let u ≡ v (a nonzero vector of X). Then
ϕ ∗ u (s) =
∞∫
−∞
ϕ (s− t) dtv ≡ ϕˆ (0)v
and consequently, Spec(v) = {0} . If u ≡ 0 (the zero vector of X) then
Spec(0) = ∅. Now let u (t) = cos tv . Then
ϕ ∗ u (s) =
∞∫
−∞
ϕ (s− t) cos tdtv =
eisϕˆ (1) + e−isϕˆ (−1)
2
· v
and consequently, Spec(cos tv ) = {1,−1} . Similarly,
Spec
(
n∑
k=1
eitξkvk
)
=
{
ξ1, ξ2, · · · , ξn
}
,
where ξ1, ξ2, · · · , ξn are fixed distinct real numbers and v1,v2, · · · ,vn are
fixed nonzero vectors of X. More generally, if u (t) = φ (t)v, where φ is
a bounded continuous function on the real line, then Spec(u) = supp
(
φˆ
)
(the Fourier transform of φ is taking in the distributional sense). Note that
Spec(u) is always a closed subset of R. Moreover,
• Spec (u+ v) ⊂ Spec (u) ∪ Spec (v) for all u, v ∈ BC (R→ X) ;
• if u (t) = eiξtv (t) then Spec (u) = Spec (v) + ξ;
• Spec (ϕ ∗ u) ⊂ Spec (u) ∩ supp (ϕˆ) for all u ∈ BC (R→ X) and ϕ ∈
L1 (R) ;
• if ϕˆ0 ≡ 0 on Spec(u) then ϕ0 ∗ u = 0;
• if ϕˆ0 ≡ 1 on Spec(u) then ϕ0 ∗ u = u;
• Spec
(
(λ−D)−1u
)
= Spec (u) for every u ∈ BC (R→ X) and λ ∈
C\iR;
• if {us}s∈[0,1] ⊆ BC (R→ X) is a continuous function from [0, 1] into
BC (R→ X) then Spec(us)s∈[0,1] is a multi-valued continuous function
from [0, 1] into 2R.
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See [6] for more details. The following theorem is an analogy of Gelfand
famous spectral radius theorem. It is also an extension of Ha Huy Bang [3]
excellent results for Lp to any Banach space.
Theorem 1. If Spec(u) is compact then u is infinitely differentiable,
Dnu ∈ BC (R→ X) for every n = 1, 2, · · · and
lim
n→∞
‖Dnu‖1/n∞ = ρ (u) .
Conversely, if u is infinitely differentiable and
lim inf
n→∞
‖Dnu‖1/n∞ <∞
then Spec(u) is compact.
Proof. First, assume that u is infinitely differentiable and lim inf
n→∞
‖Dnu‖1/n∞ <
∞. Let ξ0 ∈ Spec (u) \ {0} and let ε ∈
(
0, |ξ0|
2
)
. According to the definition
of Spec(u) there is a Schwartz function ϕ0 such that suppϕˆ0 ⊂ (ξ0 − ε, ξ0 + ε)
and ϕ0 ∗ u 6= 0. Let
ψn (s) =
∞∫
−∞
eist
(
|ξ0| − 2ε
t
)n
ϕˆ0 (t) dt.
According to [1, p. 507] we have ‖ψn‖1 ≤M independent of n. Hence,
‖Dnψn ∗ u‖∞ = ‖ψn ∗D
nu‖∞ ≤ ‖ψn‖1‖D
nu‖∞ ≤M‖D
nu‖∞.
On the other hand,
Dnψn (s) =
dn
dsn
∞∫
−∞
eisξ
(
|ξ0| − 2ε
ξ
)n
ϕˆ0 (ξ) dξ
= in(|ξ0| − 2ε)
n
∞∫
−∞
eisξϕˆ0 (ξ) dξ
= in2πϕ0 (s) (|ξ0| − 2ε)
n
,
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and consequently,
2π‖ϕ0 ∗ u‖∞(|ξ0| − 2ε)
n ≤ M‖Dnu‖∞.
Since ϕ0 ∗ u 6= 0,
|ξ0| − 2ε ≤ lim inf
n→∞
‖Dnu‖1/n∞ .
But ξ0 ∈ Spec (u) \ {0} is arbitrary, so
ρ (u) ≤ lim inf
n→∞
‖Dnu‖1/n∞ <∞
and Spec(u) is compact. Conversely, assume that Spec(u) is compact. Let
ϕ0 be a Schwartz function such that supp(ϕˆ0) ⊂ [−ρ (u)− ε, ρ (u) + ε] and
ϕˆ0 ≡ 1 on Spec(u) (ε > 0 given). Then u = ϕ0 ∗ u, and consequently,
Dnu = Dnϕ0 ∗u ∈ BC (R→ X) for every n = 1, 2, · · · . Hence, u is infinitely
differentiable and ρ (u) ≤ lim inf
n→∞
‖Dnu‖1/n∞ . Moreover,
lim sup
n→∞
‖Dnu‖1/n∞ = lim sup
n→∞
‖Dnϕ0 ∗ u‖
1/n
∞
≤ lim sup
n→∞
‖Dnϕ0‖
1/n
1 ‖u‖
1/n
∞
≤ ρ (u) + ε
(by [1, p. 506]). Thus, lim sup
n→∞
‖Dnu‖1/n∞ ≤ ρ (u) . But we have proved that
ρ (u) ≤ lim inf
n→∞
‖Dnu‖1/n∞ so the proof is now complete.
Remark. If K ⊆ R is a compact set and
V (K) = {u ∈ BC (R→ X) : Spec (u) ⊆ K}
then the differential operator D is bounded in V (K) and Spec
(
D|
V(K)
)
= iK
and the usual spectral theory can be applied.
Corollary. If Spec( u) = {ξ1, ξ2, · · · , ξn} , then u (t) =
n∑
k=1
eitξkvk where
v1,v2, · · · ,vn are fixed nonzero vectors of X.
Proof. For a real number ξ let
V (ξ1, ξ2, · · · , ξn) = {u ∈ BC (R→ X) : Spec (u) ⊆ {ξ1, ξ2, · · · , ξn}} .
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By the above theorem,
V (0) = {u ∈ BC (R→ X) : Spec (u) ⊆ {0}}
= {u ∈ BC (R→ X) : Du = 0}
= {constant functions}
hence,
V (ξ) =
{
u ∈ BC (R→ X) : u (t) = eiξtv v ∈ X
}
.
Note that
V (ξ1, ξ2, · · · , ξn) =
n
⊕
j=1
V (ξj)
and this complete the proof. (Note that this corollary was proved by N.V.
Minh [6] by other way).
Example 1. Let A be a bounded linear operator on X and put u (t) = eiAtv
(v is a nonzero vector of X). Then Dnu = (iA)nu, so ρ (u) ≤ ρ (A) .
Example 2. Consider the delay equation u˙ (t) = −u (t− τ) for all t ∈ R.We
can easily compute Dnu (t) = (−1)nu (t− nτ) and get lim
n→∞
‖Dnu‖1/n∞ = 1 if
u is bounded and non-identically 0. Hence, in this case ρ (u) = 1.
The following theorem is an extension of [2] and [4]. In proof we will use
the method of Ha Huy Bang [4].
Theorem 2. If u ∈ BC (R→ X) and λ ∈ C\iR then
lim inf
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
≥ sup
{
|λ− iξ|−1 : ξ ∈ Spec (u)
}
.
Moreover, if Spec(u) is compact then
lim
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
= sup
{
|λ− iξ|−1 : ξ ∈ Spec (u)
}
.
Proof. Let ξ ∈ Spec (u) . According to the definition of Spec(u) , for every
ε > 0, there is a Schwartz function ϕ such that suppϕˆ ⊂ (ξ − ε, ξ + ε) and
ϕ ∗ u 6= 0. Note that
ϕ (s) =
1
2π
∫
R
eist
⌢
ϕ (t) dt and (λ−D)nϕ (s) =
1
2π
∫
R
eist(λ− it)n
⌢
ϕ (t) dt.
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Let a = sup
t∈(ξ−ε,ξ+ε)
|λ− it|+ ε and
ψn (s) = a
−n
∫
R
eist(λ− it)n
⌢
ϕ (t) dt = 2πa−n(λ−D)nϕ (s) .
We prove that ‖ψn‖1 ≤M independent of n. Indeed,
‖ψn‖1 ≤
∞∫
−∞
dx
x2 + 1
· sup
x∈R
∣∣(x2 + 1)ψn (x)∣∣
= 2π2a−nsup
x∈R
∣∣(x2 + 1) (λ−D)nϕ (x)∣∣
≤ Ca−nn2(a− ǫ)n
≤M independent of n.
Hence, ∥∥(λ−D)−nψn ∗ u∥∥∞ = ∥∥ψn ∗ (λ−D)−nu∥∥∞
≤ ‖ψn‖1
∥∥(λ−D)−nu∥∥
∞
≤M
∥∥(λ−D)−nu∥∥
∞
.
On the other hand,
(λ−D)−nψn (s) = 2πa
−n(λ−D)nϕ (s) = 2πϕ (s) a−n,
and consequently,
2π‖ϕ ∗ u‖∞a
−n ≤M
∥∥(λ−D)−nu∥∥
∞
.
Since ϕ ∗ u 6= 0,
a−1 ≤ lim inf
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
.
But ξ ∈ Spec (u) and ε > 0 are arbitrary, so
sup
{
|λ− iξ|−1 : ξ ∈ Spec (u)
}
≤ lim inf
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
.
Next we prove that
lim sup
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
≤ sup
{
|λ− iξ|−1 : ξ ∈ Spec (u)
}
.
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if Spec(u) is compact. Indeed, if Spec(u) is compact then u = ϕ ∗ u for a
Schwartz function ϕ (
⌢
ϕ = 1 on the spectrum of u). Consequently,
(λ−D)−nu = (λ−D)−nϕ ∗ u
and
lim sup
n→∞
∥∥(λ−D)−nu∥∥1/n
∞
≤ lim sup
n→∞
∥∥(λ−D)−nϕ∥∥1/n
1
.
On the other hand,
(λ−D)−nϕ (s) =
1
2π
∫
R
eist(λ− it)−n
⌢
ϕ (t) dt
and similar to [4] we have
∥∥(λ−D)−nϕ∥∥
1
= sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
(λ−D)−nϕ (s)ψ (s) ds
∣∣∣∣∣∣
=
1
2π
sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
⌢
ϕ (t) (λ− it)−ndt
∞∫
−∞
eistψ (s) ds
∣∣∣∣∣∣
= sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
ϕˆ (t) (λ− it)−nh (t)F−1 (ψ, t) dt
∣∣∣∣∣∣
= sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
ϕ (t)F
(
hF−1ψ
(λ− iτ)n
, t
)
dt
∣∣∣∣∣∣
=
1
2π
sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
ϕ (t)
(
F
(
h
(λ− iτ)n
)
∗ F
(
F−1ψ
))
(t) dt
∣∣∣∣∣∣
=
1
2π
sup
‖ψ‖
∞
≤1
∣∣∣∣∣∣
∞∫
−∞
ϕ (t)
(
F
(
h
(λ− iτ)n
)
∗ ψ
)
(t) dt
∣∣∣∣∣∣
≤
1
2π
sup
‖ψ‖
∞
≤1
‖ϕ‖1
∥∥∥∥F
(
h
(λ− iτ)n
)
∗ ψ
∥∥∥∥
∞
≤
‖ϕ‖1
2π
∥∥∥∥F
(
h
(λ− iτ)n
)∥∥∥∥
1
,
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where h is a test function such that h = 1 on the support of
⌢
ϕ. We assume
that h (τ) = 0 for |τ | > ρ (u) + ε. We have
F
(
h
(λ− it)n
, s
)
=
∫
|τ |<ρ(u)+ε.
e−itsh (t)
(λ− it)n
dt =
∫
|τ |<ρ(u)+ε.
(e−its)
′
h (t)
−is(λ− it)n
dt
=
∫
|τ |<ρ(u)+ε.
e−itsh′ (t)
is(λ− it)n
dt+
∫
|τ |<ρ(u)+ε.
ne−itsh (t)
s(λ− it)n+1
dt.
Therefore,
lim sup
n→∞
∥∥(λ−D)−nϕ∥∥1/n
1
≤ sup
{
|λ− iξ|−1 : ξ ∈ supp
(
⌢
ϕ
)}
≤ ε+ sup
{
|λ− iξ|−1 : ξ ∈ Spec (u)
}
and this completes the proof.
2. Fourier coefficients of almost periodic functions and
the Beurling spectrum
Now we are interested in computing the spectrum of almost periodic func-
tions. To this end we define the λth Fourier coefficient aλ (u) (a vector of X)
of a function u ∈ BC (R→ X) by letting
aλ (u) = lim
T→∞
1
2T
T∫
−T
e−iλtu (t) dt.
If this limit exists for every λ ∈ R, the function u ∈ BC (R→ X) is called
almost periodic. It is easy to prove that for every almost periodic function u ∈
BC (R→ X) , Spec (u) is the closure of {λ ∈ R : aλ (u) 6= 0} . For example,
let u (t) = eitv . We have
aλ (u) = lim
T→∞
1
2T
T∫
−T
e−i(λ−1)tdt · v = v if λ = 1,
= lim
T→∞
sin (λ− 1)T
(λ− 1)T
· v = 0 if λ 6= 1,
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and consequently, Spec (eitv ) = {1} . More generally, let u (t) = eiAtv (v is
a nonzero vector of X and A : X → X is a bounded linear operator on X).
Then we have u˙ (t) = iAu (t) , so if u is almost periodic,
iAaλ (u) = lim
T→∞
1
2T
T∫
−T
e−iλtu˙ (t) dt = lim
T→∞
1
2T
T∫
−T
iλe−iλtu (t) dt = iλaλ (u) .
Hence, if λ ∈ Spec (u) then λ is a real eigenvalue of A, and consequently,
Spec(u) ⊆ Spec (A) (the point spectrum of A). Now consider the delay
differential equation [5] [7] u˙ (t) = −u (t− τ) for all t ∈ R. If u is almost pe-
riodic, the Fourier coefficient aλ (u) of u is satisfying
(
1 + iλeiλτ
)
aλ (u) = 0.
Hence, Spec (u) ⊆
{
λ ∈ [−1, 1] : 1 + iλeiλτ = 0
}
. Therefore, if u 6= 0, we
conclude that the equation 1 + iλeiλτ = 0 should have a real root in [−1, 1] .
This implies that τ = pi
2
and Spec(u) ⊆ {±1} . (See [5] for more details.)
Hence, u (t) = cos t v1 + sin t v2 is periodic (v1 and v2 are vectors in the
Banach space X). Hence the delay equation u˙ (t) = −u (t− τ) has a non-
zero almost periodic solution if and only if τ = pi
2
. Now consider the de-
lay equation u˙ (t) = iAu (t− τ) for all t ∈ R, (A : X → X is bounded
and linear). We can compute easily ρ (u) ≤ ρ (A) (the spectral radius of
A). Moreover, if u is almost periodic, the Fourier coefficient aλ (u) satisfies
Aaλ (u) = λe
iλτaλ (u) . Hence, if λ ∈ Spec (u) , then λe
iλτ is an eigenvalue
of A. Therefore, Spec (u) ⊆
{
λ ∈ [−ρ (A) , ρ (A)] : λeiλτ ∈ Spec (A)
}
. Spe-
cially, if τ = 0 we get back the above result Spec(u) ⊆ Spec (A) ∩ R.
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